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Continuous case with continuous measurement error (Neyman-Scott problem)

Some historical comments: Fisher and Pearson arguments about MOM and MLE; Fisher and Neyman
arguments about testing and p-values. This is an example where Fisher is wrong about consistency and
efficiency of the MLE.

Motivation

Animal breeding example (Linear mixed models, LMM): Consider the model underlying one way analysis of
variance (ANOVA).
Yij = µ+ αi + εij , i = 1, 2, . . . , n and j = 1, 2, εij ∼ Normal(0, σ2

ε).
There are two offsprings per individual. We want to know something about the genetic potential of the
individuals so that we can turn some into hamburgers and some can have fun as studs/dams.

Parameters

These are the unknown quantities that we want to learn about from the data. In this model, the parameters
are (µ, α1, α2, . . . , αn, σ

2
ε):

• number of parameters: n+ 2,
• number of observations: 2n.

Question

It is easy to write down the likelihood function. What happens if we compute MLE for these parameters?
These are familiar quantities from ANOVA, except for the estimate of the variance.

µ̂ = 1
2n

n∑
i=1

2∑
j=1

Yij

α̂i = 1
2(Yi1 + Yi2)

σ̂2
ε = 1

2n

n∑
i=1

2∑
j=1

(Yij − µ̂− α̂i)2

One of the most important results from Neyman and Scott (1949) is that as the sample size increases,
σ̂2

ε → σ2
ε/2. It is almost obvious that we cannot estimate consistently (although it is an unbiased estimator).

Increasing the sample size does not guarantee good estimators. What is important is that the information in
the sample about the parameter should converge to infinity.
In this model, the number of parameters is increasing at the same rate as the sample size (the information).
Hence we have limited information about any particular parameter. We are spending the information
profligately. This kind of situation is not unusual in practice.
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• Logistic regression and multi-center clinical studies: Each hospital has only a few patients and we want
to combine information across the hospitals.

• Combining data across large geographic areas in abundance surveys: Random effect for the area and
the effect of the covariates in the Poisson regression.

What can we do? We need more information but more data are not going to give us more information. In
mathematics the solution always exists: assume!

These assumptions should, in effect, reduce the number of parameters. Hopefully we can reduce them to
the level that information increases sufficiently faster than the number of parameters. Usually we make
assumptions so that the final number of parameters is unchanging with the sample size but this is not
necessary.

Smoothness assumptions:

• regression assumption,
• random effects assumption.

WARNING This has nothing to do with the Bayesian thinking. These are simply modeling assumptions.
The effect of these assumptions (e.g. distribution of the latent variable) does not go away as we increase
the sample size. On the other hand, as we have seen repeatedly, the effect of the prior (which is also an
assumption) vanishes as the information in the data increases.

There is no such thing as “Bayesian model” or “Frequentist model”. There are stochastic models; there are
deterministic models; there are descriptive models. Some Bayesians claim that specification of the prior on
the parameters is on the same level as specifying a stochastic model for the data. Hence they consider all
hierarchical models as “Bayesian models”.

We do not agree with this. As we have pointed out, the effect of the modeling assumption does not vanish as
we increase the sample size, whereas the effect of the prior does.

Unknown quantities in the stochastic models: We have come across two different types of unknown quantities
in the hierarchical models: latent variables and parameters.

• Parameters: These are quantities in the model that can be estimated with perfect certainty as the
information in the data increases to infinity.

• Latent variables: No amount of data can determine these with certainty. The uncertainty does not go
to zero.

Analogy with estimation and prediction in time series or regression: If we have large amount of data (and, the
model is correct), then the standard error for the parameter estimates goes to zero but the prediction error
does not. Latent variables in the hierarchical models are similar to the prediction of unobserved time points.

Imposing a distributional assumption is qualitatively same as imposing regression model. This is not a ‘prior
distribution’ of any kind. This is a misleading terminology commonly used in the Bayesian literature.

Prior distributions are smoothness assumptions on the parameters and their effect goes to zero as the
information increases.

set.seed(1234)
n <- 100
m <- 1
mu <- 2.5
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sigma_sq <- 0.2^2
eps <- rnorm(n * m, mean = 0, sd = sqrt(sigma_sq))
tau_sq <- 0.5^2
alpha <- rnorm(n, mean = 0, sd = sqrt(tau_sq))
Y <- mu + alpha + eps
dim(Y) <- c(n, m)
summary(Y)

Data generation

## V1
## Min. :1.098
## 1st Qu.:2.171
## Median :2.470
## Mean :2.489
## 3rd Qu.:2.816
## Max. :3.877

Without a smoothing assumption:

library(dclone)

## Loading required package: coda

## Loading required package: parallel

## Loading required package: Matrix

## dclone 2.1-1 2016-01-11

model <- custommodel("model {
for (i in 1:n) {

for (j in 1:m) {
Y[i,j] ~ dnorm(mu + alpha[i], 1 / sigma_sq)

}
alpha[i] ~ dnorm(0, 0.001)

}
log_sigma ~ dnorm(0, 0.001)
sigma_sq <- exp(log_sigma)^2
mu ~ dnorm(0, 0.1)

}")
dat <- list(Y = Y, n = n, m = m)
fit <- jags.fit(data = dat, params = c("mu", "sigma_sq","alpha"),

model = model, n.update = 30000)

## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 100
## Unobserved stochastic nodes: 102
## Total graph size: 713
##
## Initializing model
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summary(fit[,c("mu","sigma_sq")])

##
## Iterations = 31001:36000
## Thinning interval = 1
## Number of chains = 3
## Sample size per chain = 5000
##
## 1. Empirical mean and standard deviation for each variable,
## plus standard error of the mean:
##
## Mean SD Naive SE Time-series SE
## mu 2.1532 1.928 0.01575 0.1485
## sigma_sq 0.3683 1.423 0.01162 0.1336
##
## 2. Quantiles for each variable:
##
## 2.5% 25% 50% 75% 97.5%
## mu -1.891e+00 7.902e-01 2.331677 4.35023 4.350
## sigma_sq 1.062e-19 3.905e-16 0.002405 0.04464 4.064

plot(fit[,c("mu","sigma_sq")])
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pairs(fit[,c("mu","sigma_sq")])

plot(fit[,c("alpha[1]","alpha[100]")])

5



With smoothing assumption:

library(dclone)
model <- custommodel("model {

for (i in 1:n) {
for (j in 1:m) {

Y[i,j] ~ dnorm(mu + alpha[i], 1 / sigma_sq)
}
alpha[i] ~ dnorm(0, 1 / tau_sq)

}
log_sigma ~ dnorm(0, 0.001)
sigma_sq <- exp(log_sigma)^2
mu ~ dnorm(0, 0.1)
log_tau ~ dnorm(0, 0.001)
tau_sq <- exp(log_tau)^2

}")
dat <- list(Y = Y, n = n, m = m)
fit <- jags.fit(data = dat,

params = c("mu", "sigma_sq", "tau_sq", "alpha"),
model = model, n.update = 30000)

## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 100
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## Unobserved stochastic nodes: 103
## Total graph size: 921
##
## Initializing model

summary(fit[,c("mu","sigma_sq", "tau_sq")])

##
## Iterations = 31001:36000
## Thinning interval = 1
## Number of chains = 3
## Sample size per chain = 5000
##
## 1. Empirical mean and standard deviation for each variable,
## plus standard error of the mean:
##
## Mean SD Naive SE Time-series SE
## mu 2.5093 0.03566 0.0002912 0.0030137
## sigma_sq 0.1021 0.14661 0.0011971 0.0002671
## tau_sq 0.2040 0.14851 0.0012126 0.0003873
##
## 2. Quantiles for each variable:
##
## 2.5% 25% 50% 75% 97.5%
## mu 2.410e+00 2.501e+00 2.519e+00 2.5247 2.5718
## sigma_sq 2.926e-16 3.654e-13 5.940e-08 0.2763 0.3713
## tau_sq 8.718e-11 8.923e-06 2.738e-01 0.3157 0.3932

plot(fit[,c("mu","sigma_sq", "tau_sq")])

7



pairs(fit[,c("mu","sigma_sq", "tau_sq")])
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plot(fit[,c("alpha[1]","alpha[100]")])
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plot(alpha[1:n], coef(fit)[grep("alpha", varnames(fit))], col=2)
abline(0,1)
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DC with the smoothing assumption:

model <- custommodel("model {
for (k in 1:K) {

for (i in 1:n) {
for (j in 1:m) {

Y[i,j,k] ~ dnorm(mu + alpha[i,k], 1 / sigma_sq)
}
alpha[i,k] ~ dnorm(0, 1 / tau_sq)

}
}
log_sigma ~ dnorm(0, 0.001)
sigma_sq <- exp(log_sigma)^2
mu ~ dnorm(0, 0.1)
log_tau ~ dnorm(0, 0.001)
tau_sq <- exp(log_tau)^2
sum <- sigma_sq + tau_sq

}")
dat <- list(Y = dcdim(array(Y, c(n, m, 1))), n = n,

m = m, K = 1)
str(dat)

## List of 4
## $ Y: dcdim [1:100, 1, 1] 2.47 2.32 2.75 1.78 2.17 ...
## ..- attr(*, "drop")= logi TRUE
## ..- attr(*, "class")= chr [1:2] "dcdim" "array"
## $ n: num 100
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## $ m: num 1
## $ K: num 1

K <- c(1, 10, 25)
dcfit1 <- dc.fit(data = dat,

params = c("mu", "sigma_sq", "tau_sq"),
model = model, n.iter = 1000,
n.clones = K,
unchanged = c("n", "m"), multiply = "K")

##
## Fitting model with 1 clone
##
## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 100
## Unobserved stochastic nodes: 103
## Total graph size: 923
##
## Initializing model
##
##
## Fitting model with 10 clones
##
## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 1000
## Unobserved stochastic nodes: 1003
## Total graph size: 9023
##
## Initializing model
##
##
## Fitting model with 25 clones
##
## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 2500
## Unobserved stochastic nodes: 2503
## Total graph size: 22523
##
## Initializing model

## Warning in dclone::.dcFit(data, params, model, inits, n.clones, multiply =
## multiply, : chains convergence problem, see R.hat values
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dcfit2 <- dc.fit(data = dat,
params = c("mu", "sum"),
model = model, n.iter = 1000,
n.clones = K,
unchanged = c("n", "m"), multiply = "K")

##
## Fitting model with 1 clone
##
## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 100
## Unobserved stochastic nodes: 103
## Total graph size: 923
##
## Initializing model
##
##
## Fitting model with 10 clones
##
## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 1000
## Unobserved stochastic nodes: 1003
## Total graph size: 9023
##
## Initializing model
##
##
## Fitting model with 25 clones
##
## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 2500
## Unobserved stochastic nodes: 2503
## Total graph size: 22523
##
## Initializing model

dcdiag(dcfit1)

## n.clones lambda.max ms.error r.squared r.hat
## 1 1 0.03891230 0.50052390 0.054155076 5.252863
## 2 10 0.02285763 0.16744169 0.009336933 4.996217
## 3 25 0.01063841 0.07596516 0.002746404 3.827755
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dcdiag(dcfit2)

## n.clones lambda.max ms.error r.squared r.hat
## 1 1 0.0025523977 0.12138147 0.01756615 1.001953
## 2 10 0.0002709224 0.01497197 0.00217343 1.014534
## 3 25 0.0001187371 0.01235649 0.00138428 1.001080

plot(dcfit1[,c("sigma_sq", "tau_sq")])

pairs(dcfit1[,c("sigma_sq", "tau_sq")])
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cov2cor(vcov(dcfit1))

## mu sigma_sq tau_sq
## mu 1.00000000 -0.05500644 0.05531909
## sigma_sq -0.05500644 1.00000000 -0.99385017
## tau_sq 0.05531909 -0.99385017 1.00000000

cov2cor(vcov(dcfit2))

## mu sum
## mu 1.00000000 -0.01184899
## sum -0.01184899 1.00000000

pairs(dcfit1)
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pairs(dcfit2)

16



plot(dctable(dcfit1))
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plot(dctable(dcfit2))
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coef(dcfit1)

## mu sigma_sq tau_sq
## 2.4896560 0.1762196 0.1226869

coef(dcfit2)

## mu sum
## 2.4890363 0.2983897

c(mu=mu, sigma_sq=sigma_sq, tau_sq=tau_sq, sum=sigma_sq + tau_sq)

## mu sigma_sq tau_sq sum
## 2.50 0.04 0.25 0.29

## m=1 leads to error:
## Error: number of levels of each grouping factor must be < number of observations
if (m > 1) {

library(lme4)
g <- rep(1:n, m)
Yvec <- as.numeric(Y)
mod.lm <- lmer(Yvec ~ 1 + (1|g))
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summary(mod.lm)
plot(alpha[1:n], ranef(mod.lm)$g[,1], col = 2)
abline(0, 1)

}

• Run things with m = 1, check diagnostics, estimates
• Run things with m = 2, check diagnostics, estimates

How do we predict αi based on data cloning? alpha is now a vector of length K. We need a separate run for
prediction:

model <- custommodel("model {
for (i in 1:n) {

for (j in 1:m) {
Y[i,j] ~ dnorm(mu + alpha[i], 1 / sigma_sq)

}
alpha[i] ~ dnorm(0, 1 / tau_sq)

}
param[1:3] ~ dmnorm(cf[1:3], V[1:3,1:3])
mu <- param[1]
log_sigma <- param[2]
sigma_sq <- exp(log_sigma)^2
log_tau <- param[3]
tau_sq <- exp(log_tau)^2

}")
## we need parameters on log scale
## calculate covariance matrix by hand
## create a matrix of the posterior samples
pos <- as.matrix(dcfit1)
head(pos)

## mu sigma_sq tau_sq
## [1,] 2.489673 0.1715882 0.1140880
## [2,] 2.477546 0.1750389 0.1132909
## [3,] 2.482458 0.1708936 0.1195969
## [4,] 2.496263 0.1776997 0.1185417
## [5,] 2.480573 0.1763162 0.1238994
## [6,] 2.482407 0.1793554 0.1212099

pos[,"sigma_sq"] <- log(sqrt(pos[,"sigma_sq"]))
pos[,"tau_sq"] <- log(sqrt(pos[,"tau_sq"]))
colnames(pos)[2:3] <- c("log_sigma", "log_tau")
head(pos)

## mu log_sigma log_tau
## [1,] 2.489673 -0.8813291 -1.085393
## [2,] 2.477546 -0.8713735 -1.088898
## [3,] 2.482458 -0.8833570 -1.061814
## [4,] 2.496263 -0.8638301 -1.066245
## [5,] 2.480573 -0.8677380 -1.044143
## [6,] 2.482407 -0.8591929 -1.055116
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(V <- cov(pos) * nclones(dcfit1))

## mu log_sigma log_tau
## mu 0.002880457 -0.004743356 0.004232563
## log_sigma -0.004743356 1.924602756 -1.996788310
## log_tau 0.004232563 -1.996788310 2.589845248

(cf <- colMeans(pos))

## mu log_sigma log_tau
## 2.4896560 -0.9309707 -1.1453640

dat <- list(Y = Y, n = n, m = m,
cf = cf, V = solve(V)) # precision matrix

pred <- jags.fit(data = dat,
params = c("alpha"),
model = model)

## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 100
## Unobserved stochastic nodes: 101
## Total graph size: 1232
##
## Initializing model

alpha_b <- cbind(est=coef(fit)[grep("alpha", varnames(fit))],
t(quantile(fit[,grep("alpha", varnames(fit))],
probs = c(0.025, 0.975))))

alpha_dc <- cbind(est=coef(pred),
t(quantile(pred, probs = c(0.025, 0.975))))

head(alpha_b)

## est 2.5% 97.5%
## alpha[1] -0.03555807 -0.063401913 0.005863078
## alpha[2] -0.13413210 -0.210152560 0.005311586
## alpha[3] 0.15406032 -0.005523383 0.250498766
## alpha[4] -0.49349448 -0.748577300 0.005158795
## alpha[5] -0.23111427 -0.355206243 0.005138732
## alpha[6] 0.11046719 -0.005482870 0.185379811

head(alpha_dc)

## est 2.5% 97.5%
## alpha[1] -0.009860194 -0.3808083 0.3448967
## alpha[2] -0.067759254 -0.4511370 0.2919526
## alpha[3] 0.101477472 -0.2629444 0.5160046
## alpha[4] -0.273371866 -0.8702687 0.1844160
## alpha[5] -0.122371048 -0.5447283 0.2411230
## alpha[6] 0.075668561 -0.2754718 0.4723654

21



plot(1:n, alpha[order(alpha)], type = "l",
ylim = range(alpha, alpha_b, alpha_dc))

points(1:n - 0.2, alpha_b[order(alpha),1],
col = 2, pch = 19, cex = 0.5)

segments(x0 = 1:n - 0.2, x1 = 1:n - 0.2,
y0 = alpha_b[order(alpha),2],
y1 = alpha_b[order(alpha),3], col = 2)

points(1:n + 0.2, alpha_dc[order(alpha),1],
col=4, pch = 19, cex = 0.5)

segments(x0 = 1:n + 0.2, x1 = 1:n + 0.2,
y0 = alpha_dc[order(alpha),2],
y1 = alpha_dc[order(alpha),3], col = 4)

table(rowSums(sign(alpha - alpha_b[,-1])))

##
## -2 0 2
## 16 51 33

table(rowSums(sign(alpha - alpha_dc[,-1])))

##
## -2 0 2
## 3 92 5
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model <- custommodel("model {
for (i in 1:n) {

for (j in 1:m) {
Y[i,j] ~ dnorm(mu + alpha[i], 1 / sigma_sq)

}
alpha[i] ~ dnorm(0, 1 / tau_sq)

}
sigma_sq ~ dunif(0.001, 5)
mu ~ dnorm(10, 1)
tau_sq ~ dgamma(0.01, 0.01)

}")
dat <- list(Y = Y, n = n, m = m)
fit2 <- jags.fit(data = dat,

params = c("mu", "sigma_sq", "tau_sq", "alpha"),
model = model, n.update = 30000)

## Compiling model graph
## Resolving undeclared variables
## Allocating nodes
## Graph information:
## Observed stochastic nodes: 100
## Unobserved stochastic nodes: 103
## Total graph size: 613
##
## Initializing model

alpha_b2 <- cbind(est=coef(fit2)[grep("alpha", varnames(fit))],
t(quantile(fit2[,grep("alpha", varnames(fit))],
probs = c(0.025, 0.975))))

plot(1:n, alpha[order(alpha)], type = "l",
ylim = range(alpha, alpha_b, alpha_dc))

points(1:n - 0.2, alpha_b[order(alpha),1],
col = 2, pch = 19, cex = 0.5)

segments(x0 = 1:n - 0.2, x1 = 1:n - 0.2,
y0 = alpha_b[order(alpha),2],
y1 = alpha_b[order(alpha),3], col = 2)

points(1:n + 0.2, alpha_b2[order(alpha),1],
col=3, pch = 19, cex = 0.5)

segments(x0 = 1:n + 0.2, x1 = 1:n + 0.2,
y0 = alpha_b2[order(alpha),2],
y1 = alpha_b2[order(alpha),3], col = 3)
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